ITERATES OF THE SCHUR CLASS OPERATOR- VALUED FUNCTION 
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YURY ARLINSKII 

Abstract. Let 3JI and 91 be separable Hilbert spaces and let 0(A) be a function from the 
Schur class S(9Jt, 91) of contractive functions holomorphic on the unit disk. The operator 
generalization of the classical Schur algorithm associates with the sequence of contractions 
(the Schur parameters of 9) T = 0(0) <E L(2Jl, 91), r„ 6 L(IDr„_i > ®r;_ 1 ) and the sequence 
of functions 9o = 9, 8 n £ S(£>r„,£>r* ) n = 1, . . . (the Schur iterares of 6) connected by 
the relations 

r„ = e n (o), e n (A) = r„ + A£> r ,e n+1 (A)(/ + Ar^e^^A))- 1 ^, |A| < 1. 

The function 8(A) <E S(9Jt, 91) can be realized as the transfer function 

6(A) =D + XC(I — XA)^B 

D C 
B A 

state space f) and the input and output spaces 9JI and 91, respectively. 

In this paper we give a construction of conservative and simple realizations of the Schur 
iterates 0„ by means of the conservative and simple realization of 6. 



of a linear conservative and simple discrete-time system r 



; Tl, % ft } with the 
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1. Introduction 

The Schur class S of scalar analytic functions and bounded by one in the unit disc D = 
{AgC:|A|<1} plays a prominent role in complex analysis and operator theory as well 
in their applications in linear system theory and mathematical engineering. Given a Schur 
function /(A), which is not a finite Blaschke product, define inductively 

/ (A) = /(A), / n+1 (A) = /n(A lz/ n(0) - n > 0. 

A(l-/„(0)/„(A))' " 

It is clear that {f n } is an infinite sequence of Schur functions called the n — th Schur iterates 
and neither of its terms is a finite Blaschke product. The numbers 7„ := / n (0) are called the 
Schur parameters: 

Sf = {lo, 7i, ■ • •}■ 

Note that 

f M\ 7n + A/ n+ i(A) 2 A/ n+ i(A) 

1 + 7n A/n+i 1 + 7nA/ n+ i ( A) 

The method of labeling / G S by its Schur parameters is known as the Schur algorithm and 
is due to I. Schur [33] • In the case when 

A — At 



/(A) = & n { 



k =i - XkX 

is a finite Blaschke product of order N, the Schur algorithm terminates at the iV-th step. 
The sequence of Schur parameters {j n }n=o is finite, \~f n \ < 1 for n = 0, 1, . . . , N — 1, and 

ItjvI = i- 

The Schur algorithm for matrix valued Schur class functions has been considered in the 
paper of Delsarte, Genin, and Kamp [27] and in the book of Dubovoj, Fritzsche, and Kirstein 
|28j . An operator extension of the Schur algorithm was developed by T. Constantinescu in 
[23] and with numerous applications is presented in the book of Bakonyi and Constantinescu 

m 

In what follows the class of all continuous linear operators defined on a complex Hilbert 
space S)i and taking values in a complex Hilbert space f)2 is denoted by L(^i,^ 2 ) and 
L(.fi) := L(fj,fj). The domain, the range, and the null-space of a linear operator T are 
denoted by domT, ranT, and kerT, respectively. The set of all regular points of a closed 
operator T is denoted by p(T). We denote by I-h the identity operator in a Hilbert space 
Ti and by Pc the orthogonal projection onto the subspace (the closed linear manifold) C 
The notation T\ £ means the restriction of a linear operator T on the set C The positive 
integers will be denoted by N. An operator T G L(fh, jo 2 ) is said to be 

(a) contractive if ||T|| < 1; 

(b) isometric if ||T/|| = ||/|| for all / G £i <^=> T*T = J % ; 

(c) co-isometric if T* is isometric <^=^ TT* = I^ 2 ; 

(d) unitary if it is both isometric and co-isometric. 

Given a contraction T G L(f)i,f) 2 )- The operators 

D T := (I - T*T) 1/2 , D T * := (I - TT*) 1/2 
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are called the defect operators of T, and the subspaces Dt = fan Dt, Dt* = fan Dt* the 
defect subspaces of T. The dimensions dimSy, dimS-r* are known as the defect numbers of 
T. The defect operators satisfy the following intertwining relations 

(1.1) TD T = D T *T, T*D T *=D T T*. 

It follows from flU]) that TD T C £ T *, T*D T * C D T , and T(ker D T ) = ker D T ., T*(ker £> T .) = 
kerDr. Moreover, the operators T\ ker and T*\ ker Dt* are isometries and T\Dt and 
T*fX)-r* are pure contractions, i.e., \\Tf\ \ < \ \f\ | for / G f) \ {0}. 

The Schur class S(Sji,9)2) is the set of all function 0(A) analytic on the unit disk D with 
values in L(^!,^ 2 ) an d such that ||@(A)|| < 1 for all A G D. The following theorem takes 
place. 

Theorem 1.1. [25] . |17j . Let 9Jt and 9t be separable Hilbert spaces and let the function 0(A) 
be from the Schur class 8(971,91). Then there exists a function Z(X) from the Schur class 
S(3e(o),Se*(o)) su °h that 

(1.2) 6(A) = 6(0) + D @m Z{X){I + e*(0)Z(A))- 1 D© (0 ), A G D. 

In what follows we will call the representation (II. 2p of a function 0(A) from the Schur class 
the Mobius representation of 0(A) and the function Z(X) we will call the Mobius parameter 
of 0(A). Clearly, Z(0) = and by Schwartz's lemma we obtain that 

||Z(A)||<|A|, AGD. 

The operator Schur's algorithm [T7]. Fix 0(A) G S(9JT, 91), put 0o(A) = 0(A) and let 
Z (X) be the Mobius parameter of 0. Define 

r = 0(0), 0i(A) = ^ G S(D ro ,Dr S ), I\ = 0^0) = Z' (0)- 

If ©o(A), . . . , n (A) and r , . . . , T n have been chosen, then let Z n+1 (X) G S(S)r n , ®r* ) be the 
Mobius parameter of n . Put 

©n+l(A) = r n+1 = n+1 (O). 

The contractions T G L(9Jl, 91), T n G L(£>r n ^ D r * J, n = 1,2,... are called the Schur 
parameters of 0(A) and the function n (A) G S(Dr n _ 1 , £>r; J we will call the n — th Schur 
iterate of 0(A). 
Formally we have 

0„ +1 (A)franD r „ = jD r ,(I^ - n (A)r:)- 1 (0„(A) - T n )D^\ ran D Tn . 

Clearly, the sequence of Schur parameters {T n } is infinite if and only if the operators r„ 
are non- unitary. The sequence of Schur parameters consists of finite number operators r , 
I\, . . . ,Tjv if and only if T N G L(3) rjv _ 1 , ®r* _ x ) is unitary. If T N is isometric (co-isometric) 
then T n = for all n > N. 

The following theorem is the operator generalization of Schur's result. 

Theorem 1.2. [25] , [17]. There is a one-to-one correspondence between the Schur class 
functions S(9JT, 9t) and the set of all sequences of contractions {r„} n > such that 

(1.3) T G L(9Jt,9tj, T n G L(3)r n _ 1 ,3)r;_ 1 ) J n > 1. 
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Notice that a sequence of contractions of the form (II. 3p is called the choice sequence 
It is known [23], [11] that every 0(A) G S(9Jl, 9^) can be realized as the transfer function 

6(A) = D + XC{Isi - \Ay 1 B 

of a linear conservative and simple discrete-time system (see Section H]) 



D 
B 



C 
A 



with the state space Sj and input and output spaces 9Jt and 9t, respectively. In this paper 
we study the problem of the conservative realizations of the Schur iterates of the function 
0(A) G S(9JT, OT) by means of the the conservative realization of 0. 

In this connection it should be pointed out that the similar problem for a scalar generalized 
Schur class function has been studied in papers PQ, [2], [3], [3]. 

Here we describe our main results. Let A be a completely non-unitary contraction [38] in 
a separable Hilbert space $). Define the subspaces and operators 

fi mfi = ker D A m, $) 0)l = ker D A *i, 
S) m> i = ker D4™, n ker D A *i , m.l e N, 

ml 1 

where P m j is the orthogonal projection in fj onto !f) m ,i- 
We prove that 

1) if A is a completely non- unitary contraction in a Hilbert space then for every n G N 
the operators 

Ai,o> • • • , ji 

are unitary equivalent completely non-unitary contractions and their Sz.-Nagy- Foias char- 
acteristic functions [38J coincide with the pure contractive part [38], [TF] for the n-th Schur 
iterate <& n (A) of the characteristic function $(A) of A; 

2) if @(A) G 8(071,9!) is the transfer function of a simple conservative system 



r 

B 



C 
A 



then the Schur parameters of take the form 

I\ = D^C {D^B*Y , T 2 = D^DjtCA {DgD£ (B*t£i,o))* , 



T n = Dg_, ■ ■ ■ D^CA^ ( ■ ■ ■ (B*\?> n _ lfi 



and the n-th Schur iterate n (A) of is the transfer function of the simple conservative and 
unitarily equivalent systems 

r n ^ d^.-.d^ca*-") 



T, 



(*) 



.J5n- 



k,k 



for k = 0, . . . , n. Here and Df» are the Moore- Penrose pseudo- inverses. For a 

completely non-unitary contraction A with rank one defect operators it was proved in 
[TU] that the characteristic functions of the operators Ai t0 = PkerD A A\ kerD^ and A 01 = 
PkerD A *A \ ker D A * coincide with the first Schur iterate of the characteristic function of A. 
This result has been established using the model of A given by a truncated CMV matrix. 
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~D 


C 


m 




B 


A 


: © - 


-> © 



Here we use another approach based on the parametrization of a contractive block-operator 
matrix 

T 

established in [16], [26], [36], and the construction of the passive realization for the Mobius 
parameter of 0(A) obtained in [8] by means of a passive realization of 6. 

2. Completely non-unitary contractions 

Let S be an isometry in a separable Hilbert space H. A subspace Q in H is called 
wandering for V if S P Q _L S q Q for all p,q G Z + , p / g. Since S 1 is an isometry, the latter is 
equivalent to S n Q _L Q for all iigN. If H = Yl^=o ®S n Q then S is called a unilateral shift 
and f2 is called the generating subspace. The dimension of Q is called the multiplicity of the 
unilateral shift S. It is well known [381 Theorem 1. 1.1] that S is a unilateral shift if and only 
if C\ri=o S n H = {0}. Clearly, if an isometry V is the unilateral shift in H then Q = H SH 
is the generating subspace for S. An operator is called co-shift if its adjoint is a unilateral 
shift. 

A contraction A acting in a Hilbert space Sj is called completely non-unitary if there is 
no nontrivial reducing subspace of A, on which A generates a unitary operator. Given a 
contraction A in Sj then there is a canonical orthogonal decomposition [38, Theorem 1.3.2] 

f>=S)o@S) 1 , A = A ®A 1 , Aj = A\f)j, j = 0,l, 

where $)o and fji reduce A, the operator A is a completely non-unitary contraction, and A\ 
is a unitary operator. Moreover, 



*h = ( f| ker D An j P| I P| ker D A *n ) . 

\n>l / \n>l / 



Since 

we get 
(2.1) 

It follows that 



n— 1 Ti— 1 



P| ker(D A A fc ) = kerD A n, p| ker(D A »y4* fc ) = ker D A ,n, 



k=0 k=0 



p| ker L> A » = ^ span {A* n D A fi, n = 0, 1, . . .} , 
P ker£> A *n = f) © span {A n D A .fi, n = 0, 1, . . .} 



n>l 



. s ^4 is completely non-unitary -<=>- I C] ker D A n I D ( D ker -Da*™ ) = {0} 
l^-^J \n>l / Vn>l 

span{y4* n D A , A m D A », n,m>0} = £. 

Note that 

ker D A D ker D A 2 D • • • D ker D A n D • • • , 
A ker D A « c ker D^n-i , n = 2, 3, . . . . 
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From fl2.ll) we get that the subspaces P) ker Da™ and f] ker Da*™ are invariant with respect 

n>l n>l 

to A and A*, respectively, and A\ f] ker Da™ and A*\ f] ker Da*™ are unilateral shifts, 

n>l n>l 

moreover, these operators are the maximal unilateral shifts contained in A and A*, respec- 
tively [291 Theorem 1.1, Corollary 1]. Thus, for a completely non-unitary contraction A we 
have 

f] kerD^n = {0} A does not contain a unilateral shift, 

(2 3) 

v ' ; f] ker Da*™ = {0} A* does not contain a unilateral shift. 

n>l 

By definition [29] the operator A contains a co-shift V if the operator A* contains the 
unilateral shift V*. 

The function (see [381 Chapter VI]) 

(2.4) $4(A) = {-A + \D A *(I - XA^Da) \®a 

is known as the Sz.-Nagy - Foias characteristic function of a contraction A [38] . This function 
belongs to the Schur class S(£>a,£>a*) and 0^(0) is a pure contraction. The characteristic 
functions of A and A* are connected by the relation 

$ A .(A) = ^(A), AG©. 

Two operator-valued functions 6i G 8(9^1,^1) and 2 G S(9Jt2, 9T2) coincide [38] if there 
are two unitary operators V : Dli — > and : 97l 2 — > QJli such that 

ve^w = e 2 (A), ag©. 

The result of Sz.-Nagy-Foias [381 Theorem VI. 3. 4] states that two completely non-unitary 
contractions A± and A2 are unitary equivalent if and only if their characteristic functions 
<£% and §a 2 coincide. 

It is well known that a function 0(A) from the Schur class S(9Jl, 9T) has almost everywhere 
non-tangential strong limit values ©(£)> £ 1\ where T = {£ G C : |£| = 1} stands for the 
unit circle; cf. [2S]. A function G S(9Jt, 0T) is called inner if 0*(£)@(O = -^m and co-inner 
if 0(O@*(O = ^srt almost everywhere on ( G T. A function G S(9Jl, DT:) is called bi-inner, 
if it is both inner and co-inner. A contraction T on a Hilbert space S) belongs to the class 
C . (Co), if 

s - lim A n = (s - lim A* n = 0), 

respectively. By definition Coo := Co.flC o- A completely non-unitary contraction A belongs 
to the class Co, Co., or Coo if and only if its characteristic function $a(A) is inner, co-inner, 
or bi-inner, respectively (cf. [38l Section VI.2]). Note that for a completely non-unitary 
contraction A the equality kerD^ = ker Da* 7^ {0} is impossible because otherwise the 
subspace ker Da reduces A and A \ ker Da is a unitary operator. 

We complete this section by a description of completely non-unitary contractions with 
constant characteristic functions. Note that $^(A) = G S({0}, 2)^*) A is a unilateral 

shift, and $ A (\) = G S(D A , {0}) -<=^ A is a co-shift. 

Theorem 2.1. Lei Sj be a separable Hilbert space. A completely non-unitary contraction A 
with nonzero defect operators has a constant characteristic function if and only if is the 
orthogonal sum 
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and A takes the operator matrix form 
(2.5) A 



s 1 r 
s* 2 



Hi Hi 



H 2 



Ho 



where Si and S 2 are unilateral shifts in Hi and Hi, respectively, and T is a contraction such 
that 



(2.6) 



ranT C D 5 *,ranr* C 5V, 

||r/||<||/f|, /G©^\{0}, 
\\r*h\\ < \\h\\, heJ)si\{0}. 



In particular, the characteristic function of A is identically equal zero if and only if A is the 
orthogonal sum of a shift and co-shift. 

Proof. Suppose that the contraction A takes the form (12.51) with unilateral shifts S\ and S%, 
and the contraction T with the properties f)2.6p . Then 



(2.7) 

and 

(2.8) 











n 2 

U A* 



o d s * - r*r 

2 



D s * - IT* 



Hi 

© 
H 2 



Hi 

© 
H 2 











Hi Hi 



Ho 



Ho 



Since Q s * = kerS"*, Q s * = ker S 2 , and D s * and D s * are the orthogonal projections in S) 
onto ®s* and 3} 5;, respectively, we get from (12.61) the relations 

(2.9) £U = £>sj, ®a* =3)3*. 

Taking into account that H 2 is an invariant subspace for A*, we have 

D A *(I^-\A*)- 1 D A = 0. 

Hence $a(A) = T\D S * = const. 

Because Si and S 2 are unilateral shifts, we get 



n>0 



n>0 



Since = Hi © H 2 , the operator A is completely non-unitary. If T = then A is the 
orthogonal sum of a shift and co-shift. 

Now suppose that the characteristic function of A is a constant. From (12.41) we get 



D A ,A* n D A = 0, D A A n D A * =0, n = 0, 1, 2, 



It follows 



span {D A *uD A ^ n — 0, 1, . . .} C ker D^* 
span {D^D^,, n = 0, 1, . . .} C ker D A 



H kerD A n D £> A *. 

n>l 

H ker D^.n D Q a . 

n>l 
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Let 

7^1=0 ker D A u , H 2 = ker D A * n . 

n>l n>l 

Since 

AHi C Hi and AHi JL 2) A * , 

we get Hi e AHi D D A * and similarly H 2 A*H 2 D Da- Let ft G Hi and /i 1 D A *. It 
follows 



h G ker D A . p| ( (°| ker £> A n j 

\n>l / 



Then h = Ag, g G kerD^- Hence g G f"| ker D^n = 7^i, i.e., Hi AHi = D A *. Similarly 



n>l 



H 2 e a*h 2 = ® A . 

Since A is completely non-unitary contraction, the operators A\Hi and A*\H 2 are uni- 
lateral shifts. Therefore 

oo oo 

(2.10) Hi = ^2@A n S) A ., H 2 = J2® A * n ®A- 

n=0 n=0 

Note that for all <p, ip G f) 

(A m D A *(p, A* k D A ip) = (D A A m+k D A *(p, = 0, m, k = 0, 1, 2 . . . . 

Hence Hi _L H 2 . Taking into account (I2.10p and the relation 

SjeHi = span{A* n £>A, n = 0,1,2...}, 

we get 9) Hi =H 2 . Because Hi is invariant with respect to A, the matrix form of A is of 
the form (12.51) with unilateral shifts 

Si :=A\Hi, S 2 :=A*\H 2 , 

and some operator T G (H 2 ,Hi. Since A is a contraction, we have 

||r/|| 2 <ip 5 */|| 2 , f eH 2l 

\\T*h\\ 2 < \\D st h\\ 2 , h G Hi. 

From d22D and (J3THD we get 

fan(^ - FT) = D A , faS(Z>sj - rr*) = Q A * . 

It follows that §ZM) holds true and $ A (A) = T. 

If A is the orthogonal sum of a shift and co-shift then clearly the characteristic function 
of A is identically zero. □ 

3. Contractions generated by a contraction 

In this section we define and study the subspaces and the corresponding operators obtained 
from a completely non- unitary contraction A in a separable Hilbert space f). 
Suppose kerD^ ^ {0}. Define the subspaces 

#0,0 := # 

(3.1) { f)n,o = ker D A n, Sj , m ■= kerD A * m , 

$)n,m '■= ker D A n D ker D^m, m,n G N 
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Let P n , m be the orthogonal projection in fj onto Sj nim . Define the contractions 

(3-2) ^n,m • Pn,m-A \ ^)n,m G ^- l \^in,m) 

and 

(3.3) An,m ■ -^-n,mPn+l,m \ ^)n,m G I'V-Qn.m) ■ 

In the next theorem we establish the main properties of A n , m and A n ^ m . 

Theorem 3.1. (1) Hold the relations 

f ker D*k = $j n +k m 
3.4 <^ , n An - m ' + ' , k = 1,2,..., 



(3.5) 
(3.6) 



®A,,m = ran(P Tlim D yi n+i), 
S^ m = rM(P n)m D4.m+i) ' 

AS) ntm = $} n — l,m+l) ^ ^ lj 
^4*-?)n,m = #n+l,m-l) TTL > \ 



( :..7i < te^:^" *= 1 - 2 -- 



(3.f 



n+1 ,m 



(3.9) (A 

(2) The operators {Ai,m} and {A ni7n } are completely non-unitary contractions. 

(3) The operators 

A nfl , A 

n— 1,1) • • • , A n — . . . , ^4.0, n 

are unitarily equivalent and 

(3.10) A n _i >m+ iA/ = AA^f, / e £ n , m , n > 1. 

(4) The operators 

A n fli A n —\ t i, . . . , An—k^k} • • • ) "4-0, n 

are unitarily equivalent and 

(3.11) Aj-l.m+lAf = AAnjnf, f G £ n ,m, n > 1. 

(5) T/ie following statements are equivalent 

(a) A>,o G C (Ai,o G Co.) /or some n, 

(b) A n+ i_ fc ,fc G C (Ah-i-m G Co.) for all k = 0, 1, ... , n+ 1. 

Proof. It is sufficient to prove the first equality from (|3.4|) . From (13.11) and (13. 2p we 

f * f v n / H/H = ll^/ll = ll A * m /ll 

/Gfi n , m , /Gker^ <m <=► j ||/|| = ||^ m /|| 
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This proves (13. 4p . Hence 

£U„, m = fin,m B $%H±m = fin, m (ker D A n+i n ker Da*™) = 
= fin,m H T) A n+i + Q A * m = fan(P nim D A n+i), 
3yi« im = ^n,m i3n,m+l = fin,m (ker D A « fl ker D A * m +i) = 
= $)n,m H 2) a™ + 2)^*™+! = ran (P njTn D^*m+l), 

i.e., relations (13. 5p are valid. Furthermore if n > 2 then 

{A/ G ker 

A* A/ = /, A/ G kerD A n-inkerD A ™+i = fi n -i,m+i- 
f G kerD A »m (for m > 1) 

If n = 1 then 

C A*Af — f 

fefii, m < feiexD A * m Af e ker D A *m+i = $)o, m +i. 

Similarly A*9) n , m = 53 n +i,m-i> m>l. Therefore relations (13.61) hold true. 
Let ip G ft, i) G ^ n _i, m +i. Then A*^ G # n , m and 

(AP n , m p,V) = (P nim¥ ?,A» = ((p, A*tp) = (A<p,i/>) = (P n - lim+1 Aip,ij). 

Hence 

(3.12) AP nm = P n _i jJTl 4_iA. 

Taking into account (13.61) . we get 

AP n , m Ah = P n _i tTn+ iAAh, h G S) Ujm . 

This proves (I3.10p . Since A isometrically maps $] n , m onto ii)n-i,m+i for n > 1, the operators 
A n _i jm+ i and A n>m are unitarily equivalent, and therefore the operators 

A.,o, A 

n— l,lj • • • i A n — kjki ■ ■ ■ ) ^0,?! 

are unitarily equivalent. 

Note that (13. 4p and (13.61) yield the equalities 



(3.13) 



H ker £4, = ker D A *™ f) [ f) ker D A3 ) = A m [ f) ker , , 

fe>i \i>i / V j>i 

D ker D^*^ = ker f| ( fl ker j = A* n ( f] ker D A * 
k>i \j>i J Vi>i 



Since A is a completely non-unitary contraction, we get 

n kerD <J n f n kerD ^j = w- 



vfc>l / \fc>l 



It follows that the contractions A n ^ m are completely non-unitary. 

Note that f) n -\ m +\ C S) n -i,m and £ n+ i, m C ^„ iTn . Using ([22]) we get 

4 P — P /IP — 4 P 

■"■n—ljTn+l 1 ra, m+l n— l,m+l^ 1 -' n,m+l n,T7i+l) 

-^■n,m-Pn+l,m Pn,mAP n +i m AP n +\^ m . 
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In particular, it follows that the operators A nm P n+ i^ m are partial isometries. From (13.121) 
we obtain 

AP n , m +iA = A P n +i im , 

i.e., 

A n — l,m+l-fn,m+l^/ = AA n ^ m P n+ i^ m f for all / G S) n ,m- 

Because A is unitary operator from S) n m onto m +i, we get (13.111) and so the operators 
An -i,m+i an d ^n,m & r e unitarily equivalent. 

By induction it can be easily proved that for every k G N holds the equality 

(3-14) A k n , m f = (AP n+1 , m ) k f = AA k n -l m P n+hm f, f E S) n , m . 

Since A\S) n+ i )m is isometric, relations (13.141) imply 

I Km/I I = \\A k n - + { m P n+1 , m f\l f E f) n ,m, k G N. 

It follows the equivalence of the statements (a) and (b) and 

ker D A k = ker D A h-i = fi n+k , m . 

Similarly, since (Ai,m-fn+i,m)* = A* im P n)OT+ i , we get 

kerD^.fc = kerL><* fc -i = ^ n , m+fc . 

Thus, relations (13. 7p are valid. 

Now we get that the operators A nrn P n+l rn are completely non-unitary. From (13.41) it 
follows that 

ker D A&, m n ker D A* n \ m = fin+k,m □ £„, m +* = 

ker D^n+k H ker D^.m n ker Da« H ker D^m+z = ker D A n+k D ker D A * m +i = $) n +k,m+i- 
Hence 

□ 

The relation (13.91) yields the following picture for the creation of the operators A„ )m : 



.4 




^3,0 ^.2,1 -^1,2 A),3 



The process terminates on the N-ih step if and only if 

ker D a n = {0} kevD AN -i nker D A * = {0} 

ker L> A iv-fc D ker D A *k = {0} <^=^ ... ker D a ,n = {0}. 
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Note that from (jZ5jl . (15771) . and (l3TT5j) we get 



Proposition 3.2. Lei A be a completely non-unitary contraction. If A does not contain a 
unilateral shift (co-shift) then the same is true for the operators A n)Tn and A n)Ta for all n and 
m. Conversely, if for some n and m the operator A n . m or A n ^ m does not contain a unilateral 
shift (co-shift) then the same is valid for A. 

Let 5a = dim D A , 5a* = dim D a* be the defect numbers of a completely non-unitary 
contraction A. For n — 1, . . . denote by 5 n and 5* the defect numbers of unitarily equivalent 
operators {y4 n _ mim }^ =0 . From the relations (13.51) it follows that 

5 n = dimD Aon = dim (fan (P , n D A )) = dim (D A © (D A n S)x«)) , 
5* n = dimD A . = dim(fan(P ni0J D A ,)) = dim (Da* © (D a * n D A *)) • 



Thus 



5 A > tfi > • • • > 5 n > ■ ■ ■ , 
5 A *>5t>--->5* n >---. 



dim (D A © (D A n^.)). s *i = dim (®a* © (Da H Da*)) , 



Observe also that 

Si- 

and by induction 

5 n = dim (D An _ 1>0 © (D An . U) n D K _ lfi 
4. Passive discrete-time linear systems and their transfer functions 



5* n = dim (p A * n _ lfi © (D 



"n-1,0 "n-1,0' 



4.1. Basic definitions. Let 971,91, and f) be separable Hilbert spaces. A linear system 

D Cl 1 

971, 91, S) > with bounded linear operators A, B, C, D of the form 



(4.1) 



k > 0, 



5 A j 

hk+i = Ah k + B£ k , 
cr k = Ch k + D£ k , 

where {h k } C i}, C 971, {(7^} C 91, is called a discrete-time system. The Hilbert spaces 
971 and 91 are called the input and the output spaces, respectively, and the Hilbert space .fj is 
called the state space. The operators A, B, C, and D are called the state space operator, the 
control operator, the observation operator, and the feedthrough operator of r, respectively. If 
the linear operator T T defined by the block form 



(4.2) 



Tt 



D 


C 


97T 


m 


B 


A 


: © - 


-> © 



is contractive, then the corresponding discrete-time system is said to be passive. If the 
block operator matrix T T is isometric (co-isometric, unitary), then the system is said to be 
isometric (co-isometric, conservative). Isometric and co-isometric systems were studied by 
L. de Branges and J. Rovnyak (see [21], [22]) and by T. Ando (see [6]), conservative systems 
have been investigated by B. Sz.-Nagy and C. Foia§ (see [38]) and M.S. Brodskh (see [23]). 
Passive systems have been studied by D.Z. Arov et al (see [TT], [12], [13], [T3], [T5]). 
The subspaces 

(4.3) S) c := span{A n S97t : n = 0, 1, . . .} and £° = span {^* n C*91 : n = 0, 1, . . .} 
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are said to be the controllable and observable subspaces of the system r, respectively. The 
system r is said to be controllable (observable) if S) c = ft = Sj), and it is called minimal if 
r is both controllable and observable. The system r is said to be simple if ft = clos {$) c + $)°} 
(the closure of the span). It follows from (14.31) that 

oo oo 

(4.4) (fr) 1 = fl ker^M*"), (Sj ) 1 = f| ker(CA n ), 

n=0 n=0 

and therefore there are the following alternative characterizations: 

) = {0}: 

W; 



(a) r is controllable 

(b) r is observable - 

(c) r is simple •<=>- 

The transfer function 
(4.5) 



H ker(£M* 

n=0 

oo 

H ker(CA n ) : 

n=0 



n=0 



H ker(B*A* n ) n f| ker(CA 



n=0 



{0}. 



e T (A) := D + \C(Isi- \A)- l B, AG 



of the passive system r belongs to the Schur class S(97t, 9t) [1 1 J . Conservative systems are 
also called the unitary colligations and their transfer functions are called the characteristic 
functions [23] . 

The examples of conservative systems are given by 



-A Da* 
D a A* 



-A* D A 
D a * A 



A e 



A e 



The transfer functions of these systems 

$e(A) = (-A + \Da* {I & - XAT'Da) \®a, 

and 

$s.(A) = + AD A (J^ - AA)- 1 ^,) f 

are exactly characteristic functions of A and A*, correspondingly. 

It is well known that every operator-valued function 0(A) from the Schur class S(9Jt, 9t) 
can be realized as the transfer function of some passive system, which can be chosen as 
controllable isometric (observable co-isometric, simple conservative, minimal passive); cf. 
[22] . [38] . [6] [TT] . [13] . [5]. Moreover, two controllable isometric (observable co-isometric, 
simple conservative) systems with the same transfer function are unitarily similar: two 
discrete-time systems 



D d 
B 1 A x 



and r 2 



D C 2 
B 2 A 2 



are said to be unitarily similar if there exists a unitary operator U from fji onto S) 2 such 
that 

A x = U- l A 2 U, B x = U~ X B 2 , C x = C 2 U; 

cf. [21], [22], [E], [23], [S]- However, a result of D.Z. Arov [TT] states that two minimal passive 
systems T\ and r 2 with the same transfer function @(A) are only weakly similar, i.e., there 
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is a closed densely denned operator Z : $j 1 — > Sj 2 such that Z is invertible, Z 1 is densely 
defined, and 

ZA x f = A 2 Zf, C x j = C 2 Zf, f G domZ, and ZB X = B 2 . 

4.2. Defect functions of the Schur class functions. The following result [38l Proposi- 
tion V.4.2] is needed in the sequel. 

Theorem 4.1. Let 971 be a separable Hilbert space and let N(£), £ G T, be an L(DJl)-valued 

measurable function such that < iV(£) < I%fi- Then there exist a Hilbert space & and an 
outer function f(X) G S(97l, &) satisfying the following conditions: 

(i) <p*(g)<p(£) < N*(£) a.e. onT; 

(ii) if & is a Hilbert space and </?(A) G S(97l, &) is such that v ? *(Ov 9 (0 < ^ 2 (0 a - e - on 
T, then £*(£)£(£) < <P*{ZMZ) a.e. on T. 

Moreover, the function (p(X) is uniquely defined up to a left constant unitary factor. 

Assume that 6(A) G S(97t, 91) and denote by ipe(£) and ipe(£), £ G T the outer functions 
which are solutions of the factorization problem described in Theorem 14.11 for N 2 (^) = 
Im ~ 6*(0@(0 and N \0 =Im~ 6(0e*(0, respectively. Clearly, if 9(A) is inner or co- 
inner, then ifQ = or ipQ = 0, respectively. The functions <£>e(A) and ?/>e(A) are called the 
right and left defect functions (or the spectral factors), respectively, associated with 0(A); 
cf. PH, US], 02], n [29]. The following result has been established in [23 Theorem 1.1, 
Corollary 1] (see also P32 Theorem 3], [201 Theorem 1.5]). 



Theorem 4.2. Let 6(A) G S(97t,9T) and let 



D C 
B A 

be a simple conservative system with transfer function 0. Then 

(1) the functions y?e(A) and ipe(\) take the form 

<pe(\)=Pn(Is i -\A)- 1 B, 

M^) = c(h-\A)- 1 \n* 1 

where 

« = {S} ) 1 e A^ ) 1 , n„ = (^ e a*^) 1 

and Pq is £/ie orthogonal projector from f) onto Q; 

(2) ^e(A) = (Ve(A) =0) if and only if the system r is observable (controllable). 

The defect functions play an essential role in the problems of the system theory, in partic- 
ular, in the problem of similarity and unitary similarity of the minimal passive systems with 
equal transfer functions [H], [15] and in the problem of optimal and (*) optimal realizations 
of the Schur function 



4.3. Parametrization of contractive block-operator matrices. Let i}, 9Jt and 91 

be Hilbert spaces. The following theorem goes back to [IE], [25], [2E]; other proofs of the 
theorem can be found in [31], [32], [7], [9]. 
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Theorem 4.3. Let A E L(£,£), B E L(Wl,&), C E L{S),Vl), and D E L(2R,tft). The 

operator matrix 



D 


C 


m 




B 


A 


: © - 
S3 


-> © 



zs a contraction if and only if T is of the form 
(4.6) T = 



KA*M + D K *XD M KD A 
D A *M A 



where A E L(S3,Si), M E L(27t, Da*); ^ e L(®A,^), ^ G L(D M ,D^.) are contrac- 
tions, all uniquely determined by T. Furthermore, the following equality holds for all h E DJl, 
feS3: 



(4.7) 



Corollary 4.4. Let 



-KA*M + D K *XD M KD A 
D A *M A 



\D K (D A f - A*Mh) - K*XD M h\\ 2 + \\D x D M h\\ 2 . 



T 



-KA*M + D K *XD M KD A 
D A *M A 



m 


m 


: © - 
S3 


-> © 



be a contraction. Then 

(1) T is isometric if and only if 

D K D A = 0, D X D M = 0, 

(2) T is co-isometric if and only if 

Dm*D a * = 0, D x .D K . = 0. 

Note that the relation DyDz = for contractions Y and Z means that either Z is an 
isometry and Y = or Dz 7^ {0} and Y is an isometry. From (14.71) we get the following 
statement 

IfT given by (14.61) is unitary then Dk* = •<=>- Dm = 0. 
\D C] 



Let r 



B A 



(4.8) 

r is controllable 
r is observable < 



; 9Jt, %$3j be a conservative system. Then from Corollary 14.41 we get 
(f> c ) x = P| ker(D A *A* n ) = f| ker(£> A «), 

n>0 n>l 

(i^Y = f) ker(D A A") = p| ker(D A n), 



n>0 



n>l 



> f| ker(D A .n) = {0} 

n>l 

D ker(D A .) = {0} 4 

n>l 



^ the operator A* does not contain a shift, 
the operator A does not contain a shift. 



It follows that a conservative system is simple if and only if the state space operator is 
completely non- unitary [23] . 
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In [9] we used Theorem 14.31 for connections between the passive system 

its transfer function r (A), and the characteristic function of A. In particular, an immediate 
consequence of (14. 6 p is the following relation 



(4.9) 



6 T (A) = K$ A *{\)M + D K .XD M , AG 



where $/i»(A) is the characteristic function of A*. 

Recall that if 0(A) G S(i5i, ^2) then there is a uniquely determined decomposition 
Proposition V.2.1] 



6(A) 



e p (A) ■ 







0(0) 



ker £> (o) 



© 

ker D e *(o) 



where P (A) G S(:De(o)> 25e*(o))> @p(0) is a pure contraction and n is a unitary constant. 
The function P (A) is called the pure part of 6(A) (see [H]). If 0(0) is isometric (co- 
isometric) then the pure part is of the form P (A) = G S({0}, D e *(o)) (@p(A) = G 
S(D e( o),{0})). 

From (14.61) and (14. 9 p we get the following statement. 



Proposition 4.5. Let 

r= { B A -> m > m >* 
be a a simple conservative system and let 0(A) be its transfer function. Then 

(4.10) 



dim Da = dim£)e*(o) = dim(9 r t ker C*) 
dim® a* = dimDe(o) = dim(97l 9 ker B) , 



and the pure part of Q coincides with the Sz.-Nagy-Foias characteristic function of A* . 
In addition 

1) if 0(0) is isometric then B = 0, A is a co-shift of multiplicity dim£> e *(o)i an d the 
system r is observable; 

2) if 0(0) is co-isometric then C = 0, A is a unilateral shift of multiplicity dimS)e( ), and 
the system r is controllable. 

Proof. According to Theorem 14.31 the operator 



T 



takes the form (I4.6p . Since T is unitary, from (I4.12p we get that the operators K G ~L(Qa, 
and M* G L(Qa* are isometries and the operator X G L(S) A f , T>k*) is unitary. From 
(14. 9p it follows that the pure part of is given by 

0(A) \ ran M* = K$ A * (X)M\ ran M* : ranM* ranK. 



D 


C 


Wt 




B 


A 


: © -» 


© 
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Thus, the pure part of coincides with Since ranM* = Da*, ranX* = Da, 

D = 0(0) = K<S> A *(0)M* = —KA*M*, D* = 0*(O) = —MAK*, 
ran K = 01 Q ker K* = 01 Q ker C*, 
ran M* = Wl ker M = Wl © ker B, 

we get (QUI) . 

Suppose D = 0(0) is an isometry. Then the pure part of is G S({0}, Do*). It follows 
that M = B = and Da* = {0}. Hence, A is co-isometric and since A is a completely 
non-unitary contraction, it is a co-shift of multiplicity dim 2)^ = dimS}e*(o), and the system 
t is observable. Similarly the statement 2) holds. □ 

In this paper we will use a parametrization of a contractive block- operator matrix based 
on a fixed upper left block D e L(9Jt, 91). With this aim we reformulate Theorem 14.31 and 
Corollary IQ1 

Theorem 4.6. The operator matrix 

T 

is a contraction if and only if D e L(3Jl, 01) is a contraction and the entries A,B, and C 
take the form 

B = FDd, C = D D *G, 
A = —FD*G + D F *LD Gl 



D 


C 


m 


01 


B 


A 


: © - 





(4.11) 



where the operators F e L (2) G G L(^,S) D «) and L G L(D G ,3) F ») are contractions. 
Moreover, operators F, G, and L are uniquely determined. Furthermore, the following equality 
holds 

2 



(4.12) 

and 

(4.13) 



Dn 



\D F (D D h - D*Gf) - F*LD G f\ \ 2 + \\D L D Gj 

















G 01 



\D G . (D D *<p - DF*g) - GL*Df*g\\ 2 + \\D L *D F «g\ 



(1) the operator T is isometric if and only if 

D F D D = 0, D L D G = 0, 

(2) the operator T is co-isometric if and only if 

Dg* F*d* = 0, Dl*D f * = 0, 

(3) if T is unitary then D F * = <^=^> D G = 0. 

Let us give connections between the parametrization of a unitary block-operator matrix 
T given by (JMD and P~TIjl . 
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Proposition 4.7. Let 

T = 



-KA*M + D K *XD M KD A 
D A ,M A 

D D D *G 
FD D -FD*G + D F *LD G 



be a unitary operator matrix. Then 

D D = ranM*, £>£>» = ran if, 

F* = M*Pv A ,, G = KPv A , 
GFf = KPv A Mf, f e S D , 
L = A\ keiD A . 
Proof. Since D = —KA*M + D K *XD M , we have 



© 

ft 



® 
ft 



\D D f\\ 
\D D *g\ 



\D A *Mf\\ 2 + \\{D K A*M - K*XD M )f\\ 2 + \\D x D M f\\ 2 , feWl, 



\D A K*g\\ 2 + \\(D M .AK* - MX*D K *)g\ 



\D x *D K ,g\\ 2 , gem. 



By Corollary 14.41 the operators K and M* are isometries and X e ~L{D m-,^ k*) is unitary 
operator. It follows that 



\D D f\\ 2 = \\D A *Mf\\ 2 , fem, \\D D .g\ 



\D A K*g\\ 2 , gem. 



Hence, D 2 D = M*D\*M, D 2 D , = KD\K*. Since K and M* are isometries, we obtain 

D D = M*D A *M, D D * = KD A K* . 

It follows that D D = ranM*, T) D * = ran if, D A *M = FM*D A *M, and D A K* = G*KD A K* 
Therefore, 

FM* = Iv At , G*K = Iv A . 

It follows 

F = M\Drj, G* = K*\® D *. 
Hence, F* = M*P® At and G = KP^ A . In addition 

D%, =h- MM*P^ = P ker D A ,, D 2 G = I^- K*KPv A = P ker D A , 

—FD*G = —F(—M*AK* + D M X*D K *)KP Z 
A = —FD*G + Dp*LDo = AP^ A + P kcTDA ,LP kerDA . 

On the other hand 

A = AP® A + AP kciDA . 

Hence L = A \ keri^. 



'D A - AP® A , 



□ 



Let D : DJl — > m be a contraction with nonzero defect operators and let 

) D * 

Q 



"0 


G 




D 


F 


S 


: © - 


-> © 
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be a bounded operator. Define the transformation (see [5] 
(4.14) M D (Q) 



D 





+ 




0" 




"0 


G 




'D D 


0" 





—FD*G 









F 


S 










Clearly, the operator T = Md(Q) has the following matrix form 

T 



D D D .G 


m 


m 


FD D S-FD*G 


: © 

si 


-* © 



Proposition 4.8. [8j. Let $j,9Jl, 9t be separable Hilbert spaces and let D : 9JI VI be a 

contraction with nonzero defect operators. Let Q 



G 
F S 



be a bounded 



operator. Then 
(1) 



T = M D (Q) 



D C 
B A 



So 5)d* 



is a contraction if and only if Q is a contraction. T is isometric (co-isometric) if 
and only if Q is isometric ( co-isometric ); 
(2) holds the relations 



(4.15) 



f] ker (B*A* n ) = f] ker (F*S* 

n=0 n=0 

oo oo 

Pi ker (CA n ) = p| ker (GS n ) . 



< n=0 



n=Q 



Let T : fh — ► i} 2 be a contraction. In 
transformations of the form 



5. The Mobius representations 

and EH were studied the fractional-linear 



(5.1) 



Z^Q = T + D t .Z(I« Dt +T*Z)- 1 D t = T + D t « + ZT 



ZD! 



defined on the set Vt* of all contractions Z G L(3)t, £>t*) such that —1 G p(T*Z). The 
following result holds. 



Theorem 5.1. [31] Lei £/ie T G L(#i,,#2) ^ e a contraction and let Z G Vt*- T/ien Q = 
T + Dt*Z(I^ t + T* Z)~ l Dt is a contraction, 

(5.2) ||Aj/|| 2 = ||£>z(^ T + T*Z)- 1 J D T /||, / G 

ran .Dq C ran Dy, andisjiDq = ran£V if and only if \\Z\\ < 1. Moreover, if Q G L^i,.^) 
zs a contraction and Q = T + D T *XD T , where X G L(S)r, S)t*) ^en X G Vr*, 

Z = X(/j, T -T*X)- 1 GVr*, 
an<i £/ie operator Q takes the form Q = T + Dt*Z(I^ t + T* Z)^ 1 ■ 
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Observe that from fl5.ll) one can derive the equalities 

J & - QT* = D T *(Iv T , + ZT*)- l D T «, 
ZfranD r = D T *{I^ - QT*)-\Q - T)D T \ 

The transformation (15.11) is called in [31] the unitary linear-fractional transformation. It is 
easy to see that if ||T|| < 1 then the closed unit operator ball in L(fii,^ 2 ) belongs to the 
set Vt* and, moreover 

T + D T «Z(Iv T + T*Z)- l D T = D T l(Z + T)(I Vt + T*Z)- l D T = 
= D T *(Iv T „ + ZT*Y\Z + T)Dt X 

for all Z £ L(f)i,fj2), \\Z\\ < 1. Thus, the transformation (15.11) is an operator analog of a 
well known Mobius transformation of the complex plane 

z + t , 

z ^, t < 1. 

1+tz 1 1 ~ 

The next theorem is a version of a more general result established by Yu.L. Shmul'yan in 

USD. 



Theorem 5.2. [35] Let 9Jt and 91 be Hilbert spaces and let the function ©(A) be from the 
Schur class S(9Jt, 9t). Then 

(1) the linear manifolds ranDe^) and ranDe*(A) do not depend on A £ D, 

(2) /or arbitrary Ai, A2, A3 m D t/ie function 0(A) admits the representation 

0(A) = 0(A 1 )+ J De*(A 2) ^(A) J De(A3), 
where \I/ (A) zs a holomorphic in D and L (2}e(A 3 )> Q®*^)) -valued function. 

Now using Theorems 15.11 and 15 . 21 we get Theorem ll.il Recall that the representation (11.21) 
of a function 0(A) £ 8(971,91) is called the Mobius representation of O and the function 
Z(\) £ S(Se(o),Se«(o)) is called the Mobius parameter of O. 

The next result established in [H] provides connections between the realizations of 0(A) 
and Z(X) as transfer functions of passive systems. 



Theorem 5.3. [8] 



(1) Let t 



D C 
B A 



; 9Jt, 9t, 9y \ be a passive system and let 



T 



D 


C 




D 


D D ,G 


B 


A 




FD D 


—FD*G + D F *LD G 



9JI 


91 


: © - 


-> © 
9j 



Let 0(A) be the transfer function of t. Then 

(a) the Mobius parameter Z{\) of the function 0(A) is the transfer function of the 
passive system 



G 
F D F ,LD G 



(b) the system r isometric (co-isometric) =^ the system v isometric (co-isometric); 
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(c) the equalities 5rf v = Srf v = F)° hold and hence the system r is controllable 
(observable) =>■ the system v is controllable (observable), the system r is simple 
(minimal) =>■ the system v is simple (minimal). 
(2) Let 0(A) G 8(971,91) and let Z(X) be the Mobius parameter ofQ(\). Suppose that 
the transfer function of the linear system 

p g ;3e(o),Se*(o)i^ 

coincides with Z(X) in a neighborhood of the origin. Then the transfer function of 
the linear system 

"6(0) D e *(o)G 
FDe ( o) -FQ*(0)G + S_ 

coincides with 0(A) in a neighborhood of the origin. Moreover 

(a) the equalities ff T , = ff v ,, Sj°, = Sj°, hold, and hence the system v' is controllable 
(observable) =>• the system r' is controllable (observable), the system v' is simple 
=^> the system r' is simple (minimal), 

(b) the system v' is passive ^ the system t' is passive (minimal) , 

(c) the system v' isometric (co-isometric) =>■ the system r' isometric (co-isometric). 

Corollary 5.4. 1) The equivalences 

V9 (A) = <j=* ip z {X) = 0, 
^e(A) = <j=* i/j z {X) = 

hold. 

2) Let ||e(0)r©e(o)|| < 1- Suppose tp(\) G S(9Jt,£) G S(&,Vl)) and 

(p* = D| ({) for almost all £ G T 

= D l*( £ ) f° r almost all (eT 



Then 



and 



£(A) := 



<p(X)D-l o) (Iv 0(o) +e*(O)Z(X)) G S(JDe(o),£) 
= (Jj>, 



,.„„„ +Z(A)e*(0))D-, 1 (0) P Se , (o) ^(A) G 8(^3)8.(0)) 
/or almost all £ G T 



n 2 



D 2 



for almost all (GT 



In particular, 



0(A) is inner (co-inner) 



Z(X) is inner (co-inner). 



Proof. 1) Let y? e (A) = (^e(A) = 0) and let r 



D C 
B A 



; 971, 9T, S) > be a simple con- 



12 the system r is observable 



servative system with transfer function 6(A). By Theorem |] 
(controllable). As it is proved above the corresponding system v with transfer function 
Z(X) is conservative and observable (controllable). Theorem 14.21 yields that y?z(A) = 
OMA) = 0). 

Conversely. Let fz(X) = (if)z{X) = 0) and let v' be a simple conservative system with 
transfer function Z(X). Again by Theorem 14. 21 the system v' is observable (controllable). As 
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it is already proved the corresponding system r' with transfer function 0(A) is conservative 
and observable (controllable) as well. Now Theorem 14.21 yields that (fe(A) = (-0e(A) = 0). 
2) Let ||e(0)t£>e(o)|| < 1- Since 

e*(0)rSV ( o) = (e(0)t!De(o))*, 

we get 1 19*(0) fDe*(o)| I < 1- It follows that the operators -De(o) f 2)e(o) an d -De*(o) t^e*(o) 
have bounded inverses. From (15. 2p we obtain the relation 

||Z?e(A)^e( 1 o)(^e, ( o> + e*(0)^(A))/|| 2 = | |^ (A) /| | 2 , A G B, / G D m . 

The non-tangential limits 0(£) and Z{£) exist for almost all £ G T. It follows the relation 

1 1 De^efo) (^(o) + ©*(0)^(£))/l| 2 = \\Dz { of\\\ f e 3) e( o). 
for almost all £ G T. This completes the proof. □ 

Theorem 5.5. Let A be a completely non-unitary contraction in the Hilbert space S) and let 
Z(X) be the Mobius parameter of the Sz.Nagy-Foias characteristic function of A. Then Z(X) 
is the characteristic function of the operator A\$ = AP ker r> A (see f)3.2p and (I3.3P ). Moreover, 
the following statements are equivalent 

(i) the unitary equivalent operators A lj0 and Aqi are unilateral shifts (co-shifts), 

(ii) ® A C ® A * (® A * C ® A ), 

(hi) the Mobius parameter takes the form Z(X) = XI® A (Z*(X) = XIs> A *)- 
Proof. The system 

"-A D A »] 

is conservative and simple and its transfer function 

$(A) = {-A + \D A .(Isi - XA*y x D A ) \ D A 

is the characteristic function of A. Let F and G* be the embedding of the subspaces D A 
and D A * into $), respectively. It follows that 

D F * = P ker d a , D G = P ker Da „ . 

Let L = A*\kerD A *. Then 

A* = A*Pv A , + A*P kcrDA , = -F(-A*)G + Df*LDq 

Let 

$(A) = $(0) + D*. i0) Z(\)(I + $*(0)Z(A))- 1 D <I)( o ) , A G D 
be the Mobius representation of the function $(A). By Theorem 15.31 the system 

P Sa . 

I® A A*P ker D At 

is conservative and simple and its transfer function is the function Z(X), i.e., 

Z(X) = XP Va , (la - XA*P kcTDA ,y 1 \®a, |A| < 1. 

This function is exactly the Sz.-Nagy-Foias characteristic function of the partial isometry 
•4 i,o = AP ker >£ A . 
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Suppose Aifi = PkerD A A \ kerD4 is a unilateral shift. Since Aker Da = kerD^*, we have 
ker Da* C ker Da . Equivalently Da C Da*- Hence, 

P ke rD A JD A = and (A*P kerDA ,) n \®A = for all n G N. 

Therefore, 

Z(\) = \Pv A JD A = \Iv A . 
Conversely, suppose Z(X) = \I® A . Then Da C Da* => ker Da D ker Da*. It follows 

A ker Da C ker Da =>- is isometry. 

Since the operator A^o is completely non-unitary, it is a unilateral shift. □ 

Corollary 5.6. Let A be a completely non-unitary contraction in a separable Hilbert space S) 
and let \\A\Da\\ < 1( ranD^ = ran Da) ■ Then the following statements are equivalent 

(i) A G C (respect., A G C Q .) ; 

(ii) Ai,o G Co (respect., Ai$ G Co.). 

Proof. By (j2.4p we have $a(0) = —A [3) a- Then in accordance with [38J, Corollary 15.41 and 
Theorem 15.51 we get the equivalences 

A G C (Co.) -<=>- $a(A) is inner (co-inner) •<=>- Z(A) is inner (co-inner) 
^ 4oGC. (Co.). 

□ 



6. Realizations of the Schur iterates 
6.1. Realizations of the first Schur iterate. 

Proposition 6.1. Let $), & be Hilbert spaces and let F G L(£, G G L($),&) and 
L G L(D G ,Dp*) be contractions. Let Z u (\) be the transfer function of the system 



(6.1) 



G 
F D F ,LD G 



5 £, 



T/ien £/ie function T(A) = A 1 Z V (X) zs i/ie transfer function of the passive systems 



Qi 



GF GDp* 
LD G F LD G D F * 



V2 



GF GD F *L i 
D G F D G D F .L 



where L = LP^ G . 

Suppose that the subspaces Sj^ = D F * and S)^ 2 
functions of the passive systems 



D G are nontrivial. Then the transfer 



(6-2) 



GF GD F * 
LD G F LDqD f * 



GF GD F *L^ 
D G F D G D F *L 



are equal to T(A). Moreover, for the orthogonal complements to the controllable and observ- 
able subspaces of the systems v, £ 1; and C2 hold the following relations 



(6.3) 



(^J^nkerF*, (K) ±= (^J^nkerC, 



D G (%y c , Dp* (w ( yc(w) 
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// the operators G* and F are isometries, then 

(6.4) = (S^nkerF*, = (^) ± nkerG. 

Proof. We have 



Hence 



Z„(A) = XG(Isj - \D F *LD G y l F. 



r(A) = 



A 



= G(Isi- XD^LDgY^F 



and T(0) = GF. It follows that 

T(A) - T(0) = G(Isj - XDf^LDgY^ -GF = XGD f: LD g {I^ - XD F *LD G Y lF 
= XGD F ,(Jsj - XLD G D F *Y l LD G F = XGD F ,(I^ - XLDaDp^LDaF 
= XGD F ,L(I^ - XD G D F ,LY 1 D G F, 



(6.5) 

The operators 
and 



T(A) = GF + XGD F *(I^ - XLD G D F *Y l LD G F 

= GF + XGD F ,L{I^ - XD G D F *LY l D G F. 



' GF 


GD F * 


1 £ 




LD G F 


LFJ G D F * 


: © - 
J ft 


-> © 
ft 


' GF 


GD F * L 


£ 

: © - 


+ © 


P G F 


D G FJp* L 


ft 


ft 



are contraction. Actually, let / e ft and /i G £ then one can check that 



2 



\F*f - D F h\\l + \\D L D G (D F .f + Ffc)|& > 0, 



\F*Lf-D F h\\l+\\D~ L f\\l>0. 



Thus, the systems 771, n 2 , Ci, an d C2 are passive and their transfer functions are precisely 

r(A). 

Since L*\ keiD F * = and F*f = <^> D F */ = /, Gh = <^= 
induction one can derive the following equalities 

ker (F* (D G L* D F *Y) = f| ker (f*(D g L*Y)) , 



D G h = h, by 



(6.6) 



n>0 



n>0 



H ker (G(D F *LD G Y) = f| ker (c(D F ,L) n ) , 

n>0 n>0 ^ ' 



n>0 



f| ker (F*D G L*(D F *D G L* 



n>l 



f| ker ( F*(D G L*y 



f| ker (gD f *(LD g D f *y) = fl ker (G( J D F ,L) n ) , 

n>0 ^ ' n>0 ^ ' 

f| ker (f*D g (L*D f *D g y) = f| ker (>(D G Z*)"£> G ) 

n>0 V 7 n>0 V 7 

f| ker (gD f *L{D g D f *L)A = f| ker (c(D F *Z) n ) . 

k n>0 ^ ' n>l ^ ' 



REALIZATIONS OF THE SCHUR ITERATES 



25 



From (16. 6p follow the relations (16.31) and (16.41) . 
Theorem 6.2. Let the system 

D D D *G 
FD D —FD*G + D F *LD G 



□ 



be conservative and simple and let 0(A) be its transfer function. Suppose that the first Schur 
iterate ©i(A) of® is non-unitary constant. Then the systems 

GF G 
LD G F LDq 
GF GL 



(6.7) 



Ci 

c 2 



D G F D G L 

are conservative and simple and their transfer functions are equal to 0i(A). 

Proof. Because the system v is conservative, the operators F and G* are isometries. Since 
0i (A) is non-unitary constant, from (16.51) it follows that the operator GF is non-unitary. 
Hence by Theorem 14.61 the subspaces Qf* and Dg are nontrivial, and the operator L G 
L(Dg,2?f*) is unitary. In addition, kerF* = ®f*, ker G = T>g, and the operators Dp* and 
Dg are orthogonal projections in $) onto ker F* and ker G, respectively. One can directly 
check that the operators 



GF G 
LD G F LD G 



D 



3d« 



©p. 



GF GL' 
D G F D G L 



3d 



G 



D" 



G 



are unitary. Hence, the systems £i and £2 are conservative. Relation (16.31) yields in our case 
that 

Taking into account (16.41) and the simplicity of v we get that the systems Ci and ( 2 are 
simple. □ 

Theorem 6.3. Let 0(A) G S(0Jt,9t) ; T = 0(0) and let X (A) be the first Schur iterate of 
0. Suppose 

\r c~\ 



is a simple conservative system with transfer function 0. Then the simple conservative 
system 



v 



D~}C 

J- n 



D A lB AP kcvDA _ 

has the transfer function AOi(A) while the simple conservative systems 

'D-}C{D^B*Y D-}C \ ker D A * 

AP k er d a D A l B P kcr ° Da ,A\ ker D A * 

'D^}C{D^B*)* D^CA \ ker D A ' 

_ p[ cvDa D a }B P kc 1 DA A \ ker D a _ 

have transfer functions ©i(A). Here the operators D^, Dp, , and D~ A \ are the Moore-Penrose 
pseudo-inverses. 



(6.8) 



Ci 

C2 



^rc^r^kerD^ \ , 
Dr ,£r*,ker D A 
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Proof. Let 



T 



T 


C 




' r 


B 


A 




FD Fo 



D Tl G 
-FTqG + Df*LDq 



—KA*M + D K *XD M KD A 
D A ,M A 



© 



Then G = D^C, F* = D^B*, F = M\£> To , M = D A lB. According to Proposition O we 
have 

Dp* = ^kerD.4*, D G = P k erD A , L = A \ kei D A . 

Hence 

GF = D-}C(D^B*)*, D G D F ,L = P kcrDA A\ ker D A , 
D G F = P kcrDA M = P kerDA D A lB, GDp*L = D T }CP^ A A\ ker D A , 
LDq \ kerD A * = AP kerD J ker D A *, LD G F = AP kerDA D A lB. 
Note that if / G ker D A * then 

AP kcr D A f = Pker D A *AP ket Q A f = PkerD A * Af AP^J = P kcrDA ,Af. 

Now the statement of theorem follows from Theorem 15.31 and Theorem 16. 21 □ 
Remark 6.4. Since F* = D^B*, we get F = (D r ^B*)* G L(D ro ,fi). Hence 

D~ A lB\V To = (D T lB*y . 
Using the Hilbert spaces and operators defined by ( 13.1 j) and (13.21) . we get 

Pker^I^rSro = A.o^^^ro = (D^ (B*\fi 1>0 ))* G L(D ro , f, lj0 ). 
In addition 

D-}C(D^B*)* = T! eL(® ro ,® r *). 

So, 
(6.9) 

It follows that 



Ci 

C2 



D~}G 

1 



ran ^D T }C\ #i,oJ C ranD r », 
ran (D^S* f^i.o) C ranD ri 
6.2. Schur iterates of the characteristic function. 

Theorem 6.5. Let A be a completely non-unitary contraction in a separable Hilbert space 
fj. Assume kerD^ ^ {0} and let the contractions A nm be defined by (13. ip and (13.21) . T/ien 
the characteristic functions of the operators 

An,0i -^n— 1,1) • • • i Afi — 171,171 ) • • • ^-l,n— 1) ^0,n 

coincide with the pure part of the n-th Schur iterate of the characteristic function $(A) of 
A. Moreover, each operator from the set {A n _f,^}^ =0 is 
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(1) a unilateral shift (co-shift) if and only if the n-th Schur parameter V n o/$ is isometric 
(co-isometric), 

(2) the orthogonal sum of a unilateral shift and co-shift if and only if 
(6.10) £>r n _ x ^ {0}, D T * nl / {0} and T m = for all m>n. 
Each subspace from the set {Sj n -k,k}k=o ^ s trivial if an d on ^V z/T n is unitary. 
Proof. We will prove by induction. The system 



-A D A , 
D A A* 



;D A ,D A *,S) 



is conservative and simple and its transfer function $(A) is Sz.-Nagy-Foias characteristic 
function of A. As in Theorem I5.5[ let F and G* be the embedding of the subspaces Da 
and D A * into $), respectively. Then Dp* = P kerDA = P 1>0 , D G = P kerDA , = F ,i> and 
L = A* \ ker Da* £ L(Da*,Da) is unitary operator. The system 







A*P X 



ker D * 



D A ,D A *,fi 



is conservative and simple and its transfer function Z(X) is the Mobius parameter of $(A). 
Constructing the systems given by (16.71) in Theorem 16.21 we get 



Ci 



D, 



, A * , ~ A 

A*P kcr D A * \ Da 



,, , ker D A 

A*P kerDAt \ ker D a 



■,Da,Da*M*Da 



and 



(2 



iV,. A* \ ker D A * 



P kel D A *A*\keTD A * 



j Da, Da* , ker Da* 



Pv a JD a 

PkeiD A * \ Da 

By Theorem l6.2l the systems Ci and (2 are conservative and simple and their transfer functions 
are exactly the first Schur iterate $i(A) of $(A). Note (see (13 .ip and (13.21) ) that 

A*P kelDA » \ ker Da = A* lfi , P kerDA , A* \ ker D A * = A* x . 

Applying Proposition 14. 51 we get that the pure part of $i(A) coincides with the characteristic 
functions of the operators A^o and Ao,i- 

By Theorem 13.11 completely non-unitary contractions {A n -k,k}k=o are unitarily equivalent. 
Assume that their characteristic functions coincide with the pure part of the n-th Schur 
iterate $„(A) of The first Schur iterate of $ n is the function $ n+1 (A). As is already 
proved above the pure part of $ n+ i coincides with the characteristic function of the operators 
(A n - k ,k)i,o and (A l -fc,it)o,i- From flSl it follows 

(Ai-fc,fc)l,0 = A n+ i-k,k, {A n -k,k)oA = Ai-fc,fc+l = An+l-(fc+l),fc+l- 

Thus, characteristic functions of the unitarily equivalent completely non-unitary contractions 
{v4 n+ i-fc,fc}fclo coincide with $ 

Note that the Mobius parameter of the n — 1-th Schur iterate $ n _i is A$ n (A) and by 
Theorem 15.51 this function coincides with the characteristic function of the operator A n ,o — 
A n fiP ke rD A ■ Applying Theorem 15.51 once again, we get that A n<0 is a unilateral shift if and 
only if T n is a isometry. 

The function $*(A) is the characteristic function of the operator A* and its Schur param- 
eters are adjoint to the corresponding Schur parameters of $. In addition if B = A* then 
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B n ,m — ^m,n- Therefore, A^ n is a unilateral shift if and only if T* is isometric. But A* Q n is 
unuitarily equivalent to A* n . Hence, A n is a co-shift if and only if T n is a co-isometry. 
It follows that T n is a unitary if and only if A nt0 is a unilateral shift and co-shift in fj n;0 

£>n,0 = {0}. 

Condition (I6.10p holds true if and only if <3> n is identically equal zero. This is equivalent 
to the condition that A nt0 (as well and A n ^i t i, A n _ 2 ,2, ■ ■ ■ A),n) is the orthogonal sum of a 
shift and co-shift. □ 

Remark 6.6. It is proved that 

T„ is isometry ker D A n+i = ker D An -<=>• ker D An D ker D A * = ker D A n-i D ker D A * 

•<=>- . . . •<=>- ker D A n+i-k D ker Z} A .fc = ker D A n-k D ker D A *fc . . . 

-<=>- kerD A *n ckerD A ; 

T* isometry •<=>- ker D A * C ker D A n -<=>- ker D^n-i D ker D A *2 = ker D A n-i fl ker D A « 
•<=>- . . . -<=>- ker D An -k D ker D A *k+i = ker D A n-k fl ker D A ** 
-<=>- . . . -<=>- ker D A *n+i = ker ,D A *n ; 



dsnnD 



ker D A n — I f| ker L> 



.4' 



HkerD A * 



i>i 



i>i 



PkcvD An A f| kerD A ,i C f| kerL> A ,! . 



i>i 



6.3. Conservative realizations of the Schur iterates 
Theorem 6.7. Let 6(A) G S(SEK,9t) and let 



70 



r C 

5 A 



be a simple conservative realization of®. Then the Schur parameters {r ra } n >! of 6 can be 
calculated as follows 

Fi = D-}C (D^B*Y , T 2 = D-}D T }CA {DgD$ (B*r«i >0 ))' 
(6 ' 11} T n = ■ .-D^CA- 1 (D^ ■ • • D^l (5*r£n- ll0 ))* , .... 

i/ere i/ie operator 

{D^ ni ■ ■ ■ D v l (B* \ fin-uoj) * E L(D r _ 1 , *> B _ 1|0 ) 
is t/te adjoint to the operator 

DrL ■ ■ ■ (B* \ £ n _i, ) G L(£ n _ 1)0 , ©r n _ x ), 

and 

ran f-D r ^_ 1 • ■ • D r ^ (B*\Sj nfi )^ CranZ} r „, 
ran \D T } ■ ■ ■ D T } (C \ S3 Q , n )) C ran D r * 
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I n 



for every n > 1. Moreover, for each n > 1 the unitarily equivalent simple conservative 

systems 

(6.12) 

r n D^-.-D^CA^) 

A k (D^ ■ ■ ■ D r l (B* r S) n , Q )) * A n . Kk 
k = 0, 1, . . . , n 

are realizations of the n-th Schur iterate n of Q. Here the operator 

B n = (^rL " • ' (B* \ Sj n ,o)) * G L(D r?i _ 1 , £ n , ) 
is the adjoint to the operator 

D T l n i ■ ■ ■ D~l (B*\S) n>0 ) G L(S) n>0 , Dr^J. 

Proof. We will prove by induction. For n = 1 it is already established (see Remark 16.41 (16. 8p . 
and (J63D) that 

and the systems 



(0)= rr r x d^(ca)" 

1 \L(^ 1 (STi5i,o))* A,o 

r (D = ;r r * ^(o 

are conservative and simple realizations of 0j. Suppose 



and 



i ®roj®r*><$)i,o 



-(o) 



is a simple conservative realization of m . Then 

5 m = (Df^ • • • -D^ 1 (Bl^o))* G L(S) rm _ 1 ,^ m , ), 

Cm = ^r^_! ' ' ' -^^(C^" 1 ) G L(-^m i ) ^r^J, An,0 G L(-^m,0) <£)m,o)- 

Hence 

5; = Df^ ■ • • -Dp^ (5*r^ m , ) G L(^ m , , Dr^J- 

The first Schur iterate of m (A) is the function m+1 (A) G S(3)r m ,2)r* ) an d the first Schur 
parameter of m is T m+1 . From (13.41) and (13. 9p it follows that 

kerD^,., = fi m +i t o, (-A m ,o)i,o = An+i,o G L(5} m+1 , £)m+i,o)- 

Hence by (jBTg]) . and (JOJ 

T m+1 = D T }C m (D^B* m y = D r l ■ ■ ■ D r }CA m (D£ ■ ■ ■ D$ (5* f £ m , ))* 

and the system 



T 



(0) 



m+1 



Tm+1 



Df, 1 ■■■D-}(CA 

1 m 1 



1 //^f 4 m+l" 



K-fl r - 1 (5*^ m+1 , ))* A m+li0 
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is a simple conservative realization of m +i. From Proposition 16.31 it follows that the system 

T m D~} • ■ ■D-}(CA m+1 - k 

1 m 

A k {Drl ■ ■ ■ D^l (B^ m+1 ,o))" A m+1 ^ k 



'm+1 



m+l—k,k 



is unitarily equivalent to the system r^L for k 



m + 1 and hence have transfer 

□ 



functions equal to m +i- This completes the proof. 

Let us make a few remarks which follow from ( 14. 9p . Proposition 14.51 and Theorem 16.51 
If D Tn = and D r * N ^ then D r „ = 0, T* = G L(D rjv ,{0}), £ r * = T>r* N , and 
#o,n = fio,N for n > N. The unitarily equivalent observable conservative systems 



T 



(fe) 
AT 



1 JV-l 1 " 

A f 



- 

i-N-k,k 



; S)r w _! , Sr^j , >, k = 0,l,...,N 



have transfer functions 0jv(A) = T^v and the operators Ajf~k,k are unitarily equivalent co- 
shifts of multiplicity dimlDr^, the Schur iterates n are null operators from L({0}, ^>r* N ) for 
n > N + 1 and are transfer functions of the conservative observable system 



TjV+l 



D- } 

1 N-l 



1 







.4 



0,7V 



;{0},£ r *,% 



/v 



If £> r . = and D r)V ^ then D r * = 0, D r 



D rAr , and T n 



0GL(Dr N ,{0}),^ = i3 



7V,0 



for n > N. The unitarily equivalent controllable conservative systems 

T N 



_(*) 



1 JV-l 



/v,o, 



A N _ 



N-k,k 



-i > ®r^_ 1 , S)N-k,k 



have transfer functions 0jv(A) = T^v and the operators Ai\r-fe,fc are unitarily equivalent unilat- 
eral shifts of multiplicity dimD rAr , the Schur iterates n are null operators from L(3) rjv , {0}) 
for n > N + 1 and are transfer functions of the conservative controllable system 


_(D^ n ---D^(B*\Sj n+1 , )Y A Nfi _ 



Tn+1 
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